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ABSTRACT 

Governing equations of heat and mass transfer of MHD oscillatory viscoelastic flow, were formulated, based on 

assumptions and already existing model. The equations were transformed to dimensionless equations with the aid of 

non-dimensional variables. Close-form analytical solution was obtained for the dimensionless equations. Graphs were 

plotted and a table was generated to study the pertinent parameters present in the flow. The result shows that the 

parameters have significant influences on the flow. 
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INTRODUCTION 

Convective heat transfer is the transfer of heat from one 

point to another by the movement of fluid. Mass transfer 

describes the transport of mass from one point to 

another. Heat and mass transfer is one of the main pillars 

in the subject of transport phenomenon. It occurs in 

many processes such as absorption, evaporation, drying, 

thermal insulation, cooling of nuclear reactor, crude oil 

extraction, underground energy transport, e.t.c. 

Oscillating flow means that the fluid motion under 

consideration possesses a dominant frequency which 

can be maintained either by an oscillating boundary 

condition or by an oscillating external force, or by self –

oscillations of a flow. Viscoelasticity is the ability of 

fluid to possess property that exhibit both viscous and 

elastic characteristics when undergoing deformation. 

The study of oscillatory viscoelastic fluids through 

porous media has many scientific and engineering 

applications. Falade et al. [1] investigated the effects of 

suction/injection on oscillatory flow through a vertical 

channel with non-uniform wall temperature, the 

transformed governing equations were solved 

analytically for analysis. Nandi and Kumbhaker [2] 

investigated Hall current and thermo-diffusion effects 

on MHD flow near an oscillatory plate with ramped type 

thermal and solutal boundary conditions using Laplace 

transform technique as method of solution. 

Olajuwon and Oahimire [3] investigated the 

effects of Hall current and thermal radiation on heat and 

mass transfer of unsteady MHD flow of a viscoelastic 

micropolar fluid through a porous medium using 

perturbation method. Ali and Asghar [4] studied two – 

dimensional oscillatory flow inside a rectangular 

channel for Jeffrey fluid with small suction. The 

viscoelastic behaviour of non-Newtonian fluids 

subjected to time harmonic oscillation was investigated 

with the analytical solution obtained for the governing 

equations. Masuda and Tagawa [5] studied quasi-

periodic oscillating flows in a channel with suddenly 

expanded section. Two-dimensional numerical 

simulation was carried out for an oscillatory flow 

between parallel flat plates having a suddenly expanded 

section. The governing equations were discretized and 

solved numerically for analysis. Tabakova et al. [6] 

considered the oscillatory of Carreau fluid in a channel 

at different Womersley and Carreau numbers using 

numerical solution for analysis. Kalpana and Vijaya [7] 

investigated the effects of suction/injection on unsteady 

MHD oscillatory second grade fluid flow in a vertical 

channel with non-uniform wall temperature. Analytical 

solution was obtained for the dimensionless governing 

equations w and was used for the analysis of the 

pertinent parameters present in the flow. Haciogulu and 

Narayanan [8] investigated effects on species separation 

by two-dimensional laminar flow arising in a 

rectangular channel. Saleem et al. [9] considered 

oscillation and radiation effects on MHD casson fluid 

model within an asymmetric wavy channel.  

The governing equations were handled 

analytically by choosing the group theoretical method. 

Sharma and Dubewar [10] investigated the MHD flow 

between two parallel infinite plate and used finite 

difference method to obtain solution for analysis. 

Makinde and Mhone [11] studied heat transfer to MHD 

oscillatory flow in a channel filled with porous medium. 

Close-form analytical solution was constructed for the 

problem which was used for analysis. Choudhury and 

Das [12] studied the combined effect of a transverse 

magnetic field and radiative heat transfer on unsteady 

flow of optically thin viscoelastic fluid through a 

channel filled with saturated porous medium and non-

uniform wall temperature. We extend the work of 

Choudhury and Das [12] by incorporating concentration 

equation to investigate heat and mass transfer of MHD 

oscillatory viscoelastic flow in a channel filled with 
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porous medium which has not be investigated by any 

researcher to the best of our knowledge. 

Mathematical formulation and method of solution 

We consider a conducting optically thin fluid flow in a 

channel filled with saturated porous medium under the 

influence of an externally applied magnetic field. The 

fluid has small electrical conductivity and the 

electromagnetic force produce is very small. The fluid 

flow is between two parallel walls at 𝑦, = 0 and 𝑦 , =
𝑎. x-axis is taken along the centre of the channel and y- 

axis is taken to be perpendicular to it as shown in Figure 

1. 

𝑦′ 

  

 𝑦′ = 𝑎 

 𝑢, 

𝑥′ 

  

 𝑦′ = 0 

𝐵0 

Figure 1: Geometry of the flow. 

Assuming Boussineq incompressible fluid model and 

extending the work of   Choudhury and Das [9] , the 

equations governing the flow in the channel are 

𝜕𝑢′

𝜕𝑡′ = −
1

𝜌

𝜕𝜌′

𝜕𝑥′ + 𝑣1
𝜕2𝑢′

𝜕𝑦′2 + 𝑣2
′ 𝜕3𝑢′

𝜕𝑦′2𝜕𝑡′ − 
𝑣1

𝐾
𝑢′ −

 
𝜎𝐵0

2

𝜌
𝑢′ +  𝑔𝛽′(𝑇 − 𝑇0) + 𝑔𝐵𝑐(𝐶 − 𝐶0)(1) 

𝜕𝑇

𝜕𝑡′ =
𝑘

𝜌𝑐𝑝

𝜕2𝑇

𝜕𝑦′2 −
1

𝜌𝑐𝑝

𝜕𝑞𝑟

𝜕𝑦′
 (2) 

𝜕𝑐

𝜕𝑡′ = 𝐷
𝜕2𝐶

𝜕𝑦′2(3) 

With the boundary condition given by: 

𝑢′ = 0, 𝑇 = 𝑇0 +  (𝑇𝑤 − 𝑇0)𝑒𝑖𝑤′𝑡′
, 𝐶 = 𝐶0 +

(𝐶𝑤 − 𝐶0)𝑒𝑖𝑤′𝑡′
 𝑎𝑡 𝑦 = 𝑎(4) 

𝑢′ = 0, 𝑇 = 𝑇0, 𝐶 = 𝐶0 𝑎𝑡 𝑦′ = 0(5) 

While  𝑢′ is the axial velocity, (𝑥′, 𝑦′) is the space co-

ordinates, 𝑡′ is time, 𝑤′ is frequency of oscillation, 𝑇 is 

the temperature of fluid, 𝐶 is the mass concentration of 

the fluid, 𝜌 is the fluid density, 𝑝′ is the pressure, g  is 

gravitational force,𝑣𝑖 =
𝜇𝑖

𝜌⁄ (𝑖 = 1,2) is dynamic 

viscosity, 𝐾 is thepermeability of the porous 

medium,𝐵0 = (𝜇𝑒 , 𝐻𝑜) is the electromagnetic induction 

where 𝜇𝑒  is the magnetic  permeability and 𝐻𝑜 is the 

intensity of magnetic field, 𝜎is the conductivity of the 

fluid,𝐵𝑡  is the coefficient of volumetric thermal 

expansion, 𝐵𝑐is the coefficient of volumetric mass 

expansion, 𝑘is the thermal conductivity, 𝐶𝑝 is the 

specific heat at constant pressure, 𝑞𝑟 is the radiative heat 

flux,𝐶𝑤, 𝐶0,𝑇𝑤, 𝑇0 𝑎𝑛𝑑 𝑎 are concentration at the wall, 

concentration far from the wall, temperature at the wall, 

temperature far from the wall and distance between the 

walls respectively. 

Following Cogley et al. [13], for optically thin fluid with 

low density, radiative heat flux is given by: 

𝜕𝑞𝑟

𝜕𝑦′
=  4𝛼2(𝑇0 − 𝑇)(6) 

where 𝛼 is the mean radiation absorption coefficient 

Then, equation (2) becomes 

𝜕𝑇

𝜕𝑡′ =
𝑘

𝜌𝑐𝑝

𝜕2𝑇

𝜕𝑦′2 +
1

𝜌𝑐𝑝
4𝛼2(𝑇0 − 𝑇)(7) 

We now use the following non-dimensional variables 

for transformation; 

𝑦 =
𝑦′

𝑎
, 𝑥 =

𝑥′

𝑎
, 𝑢 =

𝑢′

𝑈
, 𝑡 =

𝑡′𝑈

𝑎
, 𝑝 =

𝑎𝑝′

𝜌𝑣1𝑈
, 𝜃 =

𝑇−𝑇0

𝑇𝑤−𝑇0
, ∅ =

𝐶−𝐶0

𝐶𝑤−𝐶0
, 𝑤 =

𝑤′𝑎

𝑈
, (8) 

Applying equation (8) for transformation, yield the 

following dimensionless equation. 

𝑅𝑒
𝜕𝑢

𝜕𝑡
=

−𝜕𝑝

𝜕𝑥
+  

𝜕2𝑢

𝜕𝑦2 + 𝑉0
𝜕2𝑇

𝜕𝑦2𝜕𝑡
− {𝑆2 + 𝐻2}𝑢 + 𝐺𝑟𝜃 +

𝐺𝑐∅(9) 

𝑃𝑒
𝜕𝜃

𝜕𝑡
=

𝜕2𝜃

𝜕𝑦2 + 𝑅2𝜃                                   (10) 

𝑠𝑐
𝜕∅

𝜕𝑡
=

𝜕2∅

𝜕𝑦2                   (11) 

With the dimensionless boundary conditions: 

𝑢 = 0, 𝜃 = 𝑒𝑖𝑤𝑡 , ∅ = 𝑒𝑖𝑤𝑡  𝑎𝑡 𝑦 = 1(12) 

𝑢 = 0 , 𝜃 = 0, ∅ = 0 𝑎𝑡 𝑦 = 0  (13) 

Where 𝑅𝑒 =
𝑈𝑎

𝑣1
, 𝑉0 =

𝑣1𝑈

𝑣2𝑎
, 𝑆2 =

1

𝐷𝑎
, 𝐷𝑎 =

𝐾

𝑎2 𝐻2 =

𝜎𝐵0
2𝑎2

𝜌𝑣1
, 𝐺𝑟 =

𝑔𝐵𝑡(𝑇𝑤−𝑇0)𝑎2

𝑣1𝑈
, 𝐺𝑐 =

𝑔𝛽𝑐(𝑇𝑤−𝑇0)𝑎2

𝑣1𝑈
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𝑝𝑒 =
𝑈𝑎𝜌𝐶𝑝

𝑘
, 𝑅2 =

4𝛼2𝑎2

𝜌𝑣1
, 𝑠𝑐 =

𝑈𝑎

𝐷
,  are Reynolds 

number (𝑅𝑒), viscoelastic parameter (𝑉𝑜), porous 

medium shape parameter (𝑆), Darcy number(𝐷𝑎), 

Hartmann number (𝐻), Grashof number (𝐺𝑟), modified 

Grashof number (𝐺𝑐), Peclet number (𝑃𝑒), radiation 

parameter (𝑅) and Schmidth (𝑆𝑐) number respectively.  

In order to solve the dimensionless governing equations 

for purely oscillatory flow, let  

𝜕𝑃

𝜕𝑥
=L𝑒𝑖𝑤𝑡(where L is a constant Nirmala et al. (14))                                                     

(14) 

𝑢(𝑦, 𝑡) = 𝑢0(𝑦)𝑒𝑖𝑤𝑡                                                                                                          

(15) 

𝜃(𝑦, 𝑡) = 𝜃0(𝑦)𝑒𝑖𝑤𝑡                                                                                                  

(16) 

∅(𝑦, 𝑡) = ∅0(𝑦)𝑒𝑖𝑤𝑡                                                                                                         

(17) 

Substituting equation (14) – (17) into (9)-(13), we have: 

P𝑢0 
" (𝑦) − 𝑞𝑢0(𝑦) = −𝐿 − 𝐺𝑟𝜃0(𝑦) − 𝐺𝑐∅0(𝑦)(18) 

𝜃0 
" (𝑦) − 𝑟𝜃0(𝑦) = 0(19) 

∅0 
" (𝑦) − 𝑖𝑤𝑠𝑐∅0(𝑦)(20) 

With the boundary conditions: 

𝑢0(𝑦) = 0, 𝜃0(𝑦) = 1,  ∅0(𝑦) = 1 𝑎𝑡 𝑦 = 1(21) 

𝑢0(𝑦) = 0, 𝜃0(𝑦) = 0, ∅0(𝑦) = 0 𝑎𝑡 𝑦 = 0(22) 

Where 𝑃 = (1 + 𝑖𝑤𝑉0), 𝑞 = 𝑖𝑤𝑅𝑒 + {𝑆2 + 𝐻2} and 

𝑟 = 𝑅2 − 𝑖𝑤𝑃𝑒  

Solving (18)-(20) with (21) and (22), yield:  

𝑢(𝑦, 𝑡) = (𝐵1𝑒𝑛3𝑦 + 𝐵2𝑒𝑛4𝑦 + 𝐵3 + 𝐵5sin (√𝑟𝑦) +
𝐵6𝑒𝑛1𝑦 + 𝐵7𝑒𝑛2𝑦)𝑒𝑖𝑤𝑡              (23)  

𝜃(𝑦, 𝑡) =
sin (√𝑟𝑦)

sin (√𝑟)
𝑒𝑖𝑤𝑡           (24) 

∅(𝑦, 𝑡) = (𝐴1𝑒𝑛1𝑦 + 𝐴2𝑒𝑛2𝑦)𝑒𝑖𝑤𝑡(25) 

Where   𝑛1 = √𝑖𝑤𝑆𝑐 

𝑛2 = −√𝑖𝑤𝑆𝑐 

𝑛3 = √𝑞
𝑝⁄  

𝑛4 = −√𝑞
𝑝⁄  

𝐴1 =
1

𝑒𝑛1 − 𝑒𝑛2
 

𝐴2 = −𝐴1 

𝐵1

=
(𝐵3 + 𝐵6 + 𝐵7)𝑒𝑛4 − 𝐵3 − (𝐵5 sin(√𝑟) + 𝐵6𝑒𝑛1 + 𝐵7𝑒𝑛2)

𝑒𝑛3 − 𝑒𝑛4
 

𝐵2 = −(𝐵1 + 𝐵3 + 𝐵6 + 𝐵7) 

𝐵3 =
𝐿

𝑞
 

𝐵5 =
𝐺𝑟

(𝑃𝑟 − 𝑞)sin (√𝑟)
 

𝐵6 =
−𝐺𝑟𝐴1

𝑃𝑛1
2 − 𝑞

 

𝐵7 =
−𝐺𝑐𝐴2

𝑃𝑛2
2 − 𝑞

 

The rate of heat and mass transfer across the channel at 

the upper wall are: 

𝑁𝑢 = −
𝜕𝜃

𝜕𝑦
= −

√rcos (√𝑟)

sin (√𝑟)
𝑒𝑖𝑤𝑡     (𝑎𝑡 𝑦 = 1) 

𝑆ℎ = −
𝜕∅

𝜕𝑦
= −(𝑛1𝐴1𝑒𝑛1𝑦 + 𝑛2𝐴2𝑒𝑛2𝑦)𝑒𝑖𝑤𝑡   (𝑎𝑡 𝑦 =

1) 

The rate of heat and mass transfer across the channel at 

the lower wall are 

𝑁𝑢 = −
𝜕𝜃

𝜕𝑦
= −

√r

sin (√𝑟)
𝑒𝑖𝑤𝑡    (𝑎𝑡 𝑦 = 0) 

𝑆ℎ = −
𝜕∅

𝜕𝑦
= −(𝑛1𝐴1 + 𝑛2𝐴2)𝑒𝑖𝑤𝑡  (𝑎𝑡 𝑦 = 0) 

RESULTS AND DISCUSSION 

Numerical evaluation of the analytical solution of heat 

and mass transfer of MHD oscillatory viscoelastic flow 

in a channel filled with porous medium was performed. 

The results are presented in graphs and in a table. This 
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was done to know the influences of pertinent parameters 

in the flow. 

 

TABLE 1: Rate of heat and mass transfer 

  R  Pe  w Sc - 𝜃(1) - 𝜃(0) 

0.5 

1.0 

1.5 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

1.0 

1.0 

1.0 

1.5 

2.0 

2.5 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

1.5 

2.0 

2.5 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

-0.9000 

-0.6303 

-0.1042 

-0.9121 

-0.9350 

-0.9678 

-0.8808 

-0.8536 

-0.8181 

-1.0344 

-1.1768 

-1.4832 

-1.0174 

-0.9911 

-0.9140 

-0.9321 

-0.8588 

-0.7775 

    -∅(1) -∅(0) 

0.5 1.0 1.5 4.0 -1.3328 -0.8983 

0.5 1.0 2.0 4.0 -1.4614 -0.8305 

0.5 1.0 2.5 4.0 -1.5442 -0.7549 

0.5 1.0 1.0 2.0 -1.0153 -0.9525 

0.5 1.0 1.0 3.0 -1.0838 -0.8812 

0.5 1.0 1.0 4.0 -1.1810 -0.7867 

 

 

Figure 2 displays the effects of Hartmann number on 

velocity distribution across the channel. Increase in 

Hartmann number resulted to decrease in velocity 

distribution across the channel which is expected 

because transverse magnetic field gives rise to a 

resistive type-force called the Lorentz force. This force 

has the tendency to slow the motion of the fluid. The 

effects of Reynolds number on velocity distribution 

across the channel is presented in figure 3. The velocity 

decreases as Reynolds number increases. Figure 4 

depicts the effects of frequency of oscillation on velocity 

distribution across the layer of the channel. Increase in 

frequency of oscillation decreases the velocity 

distribution across the layer of the channel. Figure 5 

shows the effects of Peclet number on velocity 

distribution across the channel and the effect of increase 

in Peclet number is to increase the velocity of the flow. 

Figure 6 illustrates the effects of viscoelastic parameter 

on velocity profiles. The velocity decreases as 

viscoelastic parameter increases. Figure 7 and figure 8 

show the effects of Grashof number and modified 

Grashof on velocity distribution across the channel 

respectively. They both increase the velocity 

distribution across the channel. The effect of radiation 

parameter is presented in figure 9. As radiation 

parameter increases, the velocity of the flow also 

increases. Figure 10 illustrates the effects of Schmidt 

number on velocity distribution. As can be seen from the 

graph, the effect of increase in Schmidt number is to 

decrease velocity across the channel. Figure 11 shows 

the effect of porous medium shape parameter on 

velocity profiles. As the value of porous medium shape 

parameter increases, the velocity increases. Figure 12 

depicts the effects of radiation parameter on temperature 

profiles. Increase in radiation parameter increases the 

temperature of the fluid across the channel. The effects 

of Peclet number on temperature profiles is shown in 

figure 13. Increase in Peclet number decreases 

temperature. Figure 14 illustrates the effects of 

frequency of oscillation on temperature profiles and as 

frequency of oscillation parameter increases, the 

temperature decreases. Figure 15 displays the effect of 

Schmidt number on concentration profiles and it 

decreases the concentration of the flow. Figure 16 shows 

the effect of frequency of oscillation parameter on 

concentration profiles. As can be seen from the figure, it 

shows that increase in oscillation parameter leads to 

decrease in concentration. 

The effects of radiation parameter, Peclet 

number, frequency of oscillation parameter and Schmidt 

number on the rate of heat and mass transfer at both 

upper and lower wall are shown in the table. Radiation 

parameter increases the rate of heat transfer at upper 

wall while it decreases it at the lower wall. Peclet 

number decreases the rate of heat transfer at upper wall 

while it increases it at lower wall. As frequency of 

oscillation increases, rate of heat transfer at both upper 

and lower wall increases. Schmidt number decreases the 

rate of mass transfer at upper wall and increases it at 

lower wall. Frequency of oscillation parameter 

decreases the rate of mass transfer at upper wall but 

increases it at lower wall. 

CONCLUSION 

An analytical study of heat and mass transfer of MHD 

oscillatory viscoelastic flow in a channel filled with 

porous medium was conducted. The results are 

presented and discussed through graphs and a table for 

pertinent parameters involved. The following 

conclusion can be drawn from the result obtained: 

1) The effect of Schmidt number is to decrease the 

velocity distribution and concentration 

distribution of the fluid across the channel. 

2) As frequency of oscillation increases; velocity, 

temperature and concentration decreases 

3) Increase in radiation increases the rate of heat 

transfer at upper wall and decreases it at lower 

wall. 

4) Increase in Peclet number decreases the rate of 

heat transfer at upper wall and increases it at 

lower wall. 
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5) As frequency of oscillation increases; rate of 

heat transfer at both upper and lower wall 

increases, rate of mass transfer at lower wall 

increases but rate of mass transfer at upper wall 

decreases. 

6) Schmidt number decreases the rate of mass 

transfer at upper wall and increases it at lower 

wall. 
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Figure 2: Velocity profiles for different values of Hartmann number. 

 
Figure 3: Velocity profiles for different values of Reynolds number. 
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Figure 4: Velocity profiles for different values of frequency of oscillation parameter. 

 
Figure 5: Velocity profiles for different values of Peclet number. 
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Figure 6: Velocity profiles for different values of viscoelastic parameter. 

 
Figure 7: Velocity profiles for different values of Grashof number. 
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Figure 8: Velocity profiles for different values of modified Grashof number. 

 
Figure 9: Velocity profiles for different values of radiation parameter. 
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Figure 10: Velocity profiles for different values of Schmidt number. 

 
Figure 11: Velocity profiles for different values of porous medium shape parameter 
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Figure 12: Temperature profiles for different values of radiation parameter 

 

 

 
Figure 13: Temperature profiles for different values of Peclet number 
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Figure 14: Temperature profiles for different values of oscillation parameter 

 
Figure 15:  Concentration profiles for different values of Schmidt number. 
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Figure 16: Concentration profiles for different values of oscillation parameter. 
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